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In this paper, we introduce the concepts of DY —open, DY —closed subsets,
pairwise—a —closed, pairwise—g —closed subsets, pairwise—strongly
a —closed graph G(f) and strongly DY —closed graph of bitopological spaces.
We showed that each closed graph is D2 —closed. In addition, the concepts of
Dg —continuous, open, and closed functions are defined, and the relations
between 7, — a, 7, — g, and DP —continuous functions are clarified. The fact
that strongly DY —closed graph is DX —closed is illustrated. We studied when
the graph G(f) is p —strongly closed and p — D, —closed subsets of the
bitopological space (X,T,T;). Moreover, the notions of D} —interior of a

DP —continuous functions
Graph G (f)

subset of X and D}, —closure are defined.

© 2024 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Several sorts of generalized open sets in
topological spaces like semi-open, pre-open, and
g —open sets were studied by lots of mathematicians
(Al-Saadi and Al-Malki, 2024). Sarsak (2013, 2022)
covered certain features of generalized open sets in
generalized topological spaces (GTSs), which are an
essential part of general topology. A key problem in
real analysis and general topology is the study of
variously modified versions of continuity, separation
axioms, and other ideas utilizing extended open sets.
The most well-known and inspiring ideas are those
of a —open sets, introduced by Njastad (1965), and
generalized closed or (g —closed) subsets,
introduced by Levine (1970). Both ideas have been
thoroughly studied in the literature. Since then,
many mathematicians have concentrated on
generalizing many topological concepts through the
usage of @ —open sets and generalized closed sets.

Kelly (1963) published a paper named
"Bitopological Spaces,"” which marked the beginning
of the study of bitopological spaces. Since then,
several articles have been submitted that attempt to
extend topological concepts to bitopological ones. A
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non-empty set X with the two topologies 7, and 1, is
called a bitopological space, as is the triple (X, 74, 72),
or just X. The concept of generalized topological
spaces was introduced by Cs'asz'ar in the 20t
century, and other mathematicians worldwide have
studied it. Consequently, mathematicians took a
different tack and tried to apply several topological
ideas to this new field.

Dunham (1982) defined a new topological space
(X,t*) by using g —closed subsets of X to define a
new closure operator. He did this by transferring
regularity conditions from a topological space (X, 1)
to separation conditions in the new topological space
(X,7*). The concept of an operation on topological
spaces was introduced, and a@ —closed graphs of an
operation were introduced by Kasahara (1979).
Ogata (1991) established the concept of 7,, which is
the set of all y —open sets, and introduced the
operation « as y —operation.

In section 2, we study D, — Sets in bitopological
space (X, t4,72), features and properties such as the
class of all D, —open sets are bounded between
g —open sets and the class of all @ —open sets,
introduce D,’; —continuous function, and illustrate
the relation between both of 7, — @ —continuous and

T, — g —continuous functions and DP —continuous
function.

2. D, — Sets in bitopological space (X, 74, 7>)

D, —open sets are a novel class of sets that were
developed and investigated in topological spaces by
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Sayed and Khalil (2006). Almuhur and Al-Labadi
(2021) studied D, —open and D, —closed functions
in bitopological spaces. They investigated whether
subsets of the bitopological space (X,74,7;) are
pairwise—D, —closed and when the graph G(f) is
pairwise—strongly closed. Furthermore, they define
D} —closure and D}, —interior of subsets of X.

The class of all D, —open sets is bounded
between g —open sets and the class of all @ —open
sets. In addition, they presented and examined
D, —continuous, D, —open, and D, —closed
functions between topological spaces as applications.
A subset U of a bitopological space (X, t4, 72) is called
7, — g —closed (Almuhur et al, 2023) if Cl, (U) c
0,(U)c1, and U is 7, — g —closed if Cl;,(U) c
0., (U) € 14.

If U is 74 — g —closed and 7, — g —closed, then it
will be a pairwise—g —closed subset and hence, X —
U is pairwise—g —open.

Theorem 2.1: In a bitopological space (X, 14,7>), if
{Fi:i € N} is a family of 7, — g —closed sets, then
Uien F; is T, —closed (Sarsak, 2013; 2022).

Definition 2.2: For the bitopological space (X, 74, 72),
if U € X, then:

(i) If U c int (cl (int (U)), then U is a 7, — @ —open
subset of X.

(i) If U < cl (int(cl(1))), then U is T, — a —closed.
(i) If ¢ (U)cV for some t,—open (7,—
g —closed) subset V of (X,7;), V is 7, —generalized
closed (7, — g —closed)

(iv) GO(X) = {U: U is 1, — g — open}

(v) GC(X) ={F:Fist, — g — closed}

Vi) IfU =n{U:U is T, —a — open, U € 0} for some
0at, —a—openin (X,1,),then U = int,, (V).

(vii) If F=n{F:Fist,—a— closed,K c F} for
some K a 1, —a—closed in (X,7;), then F=
cly, (K).

Definition 2.3: If f is a function from (X,7,7;) to
(Y, 04, 0'2), then:

i) The graph of f (denoted by G(f)) is the subspace
{6, f(x):x€X}of X XY

ii) The function f is pairwise—closed if G(f) is a
(t;, g;) —closed subset of (X, ;) X (Y,0;) Vi = 1,2.
iii) The function f is pairwise—strongly closed
(pairwise—strongly a —closed) graph if V (x,y) €
G (V(x,y) EXxY—-G(f)),3U; and U, such
that x € U; and (U1 X clj(Uz)) N G(f) is empty for
some U; a 7, —open subset of X and U, a o, —open
subset of Y.

Definition 2.4: If F is a subset of (X, 74, 72), then F is
DP —closed if cl* (int(cl(F))) CF.

If F is Tp — Dg —closed, then X —F is T, —
D, —open. F is DY —closed if it is T, — Do —closed,
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and the set of all DY —closed subsets is denoted by
DY —c(X).

Theorem 2.5: The graph G(f) is pairwise—strongly
a —closed if and only if V(a,b) € X XY — G(f) for
some U; a 7, —open subset of X and U, a g, —open
subset of Y containing a and b, respectively such that

f(Uy) N cl(U,) is empty.

Theorem 2.6: If K is a subset of (X, t4,72), then K is
D§ —closed if it is 7, — @ —closed.

Proof: Suppose that K is 7, — a —closed subset of X,
then cl* (K) c cl(K).
So, cl(int(cl(K))) c K, hence cl* (int(cl(K))) ccl”
(int(cl* (K))) Cc K.

Thus, F is t,— D, —closed and so it is
DP —closed.

Theorem 2.7: If A is a DP —closed subset of
(X, 4, 72), then it is pairwise—g —closed.

Proof: Suppose that A is T, — g —closed, then,
cl*(A) = A. Hence, int(cl*(A))ccl*(A). Thus,
cl* (int(cl*(A))) ccl*(cl*(A) ccl*(A) = A. Therefore,
Ais D! —closed.

Corollary 2.8: If K is a pairwise—g —closed subset
of (X, 74,72) such that int(cl*(K)) c F c K for some
F c X, then K is DY —closed.

Proof: Since K 1is pairwise—closed subset of
X, cl*(K) =K. So, cl* (int(cl*(F)))ccl*(int*(F)) c
K for some F c X. Thus, K is Dg —closed.

Theorem 2.9: Arbitrary intersection of DY —closed
sets is DY —closed.

Proof: Let F = {F,:y € I'} be a family of D} —closed
subsets of the topological space (X,t!,72), then,

cl* (int (Cl*(Fy)))CFy vy er. Now, N, FECyer
Vy € I'. Hence, cl* (int (cl*(Fy))) C Nyercl(E,). Thus,
et (int (' (5))) < NyerclB) < at* (ine (ct'(R)) ) <

Nyer cl(F,) Vy € I'. Therefore, N, er F, is D} —closed.

Theorem 2.10: If A; and A, are two subsets of
(X,t4,72) such that A; is Dg —closed and A, is
pairwise—a —closed, then A; N 4, is D;’ —closed.

Corollary 2.11: If B; and B, are two subsets of
(X,t4,72) such that By is Dg —closed and B, is
pairwise—g —closed, then F; N F, is DY —closed.

Lemma 2.12: In the bitopological space (X, 74, 72), if
A is a subset of X, then:

(i) cl(A) = X — int(X — A).
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(i) int(4) = X — cl(X — A).

Theorem 2.13: In (X, 74, 7,), a subset U is DY —open
ifand only if U < int(cl*(int(V))).

Proof: Let U be a ng —open subset of X , then, X — U
is ng —closed and cl*(int(cl*(U)) c X — U. Hence,
we have Ucint” (cl(int*(U))). Now, if Uc
int* (cl(int*(u))). Then, X — int* (cl(int*(U))) cX-U.
Therefore, int* (cl(int*(U))) cX—U. Thus, X —U is
DP —closed and U is DY —open.

Corollary 2.13: In the bitopological space (X, t4,72),
a subset U is DY —open if 3 W a pairwise—g —open
subset such that W c U c int*(cl(W)), then U is
DE —open.

Proof: Let W be a pairwise—g —open subset of X,
hence X —W is pairwise—g —closed and X —

int* (cz,-(x - W)) cX-UcX—-W. So, cl"(int(X —
W))cX-UcX-W and X-U is DY —closed.
Therefore, U is D} —open.

Corollary 2.14: Every
(pairwise—g —open) is ng —open.

pairwise—a —open

Corollary 2.15: An arbitrary union of the D} —open
set is D} —open.

Corollary 2.16: The union of DY —open set and
pairwise—a —open set is D} —open.

Corollary 2.17: The union of the D} —open set and
the pairwise—g —open set is D —open.

Definition 2.18: In the bitopological space (X, 74, 72),
the DE —interior of a subset B of X is denoted by
DY —int,(B) and D} —int,(B) = Uyer{ly:V, €
pairwise — D,0(X), V, c B}.

Definition 2.19: The DY —closure of a subset B of
the bitopological space (X, t4,7;) is denoted by Dg —
cl(B) such that DE —cl(B) = Nyer{K,: K, €
pairwise — D,C(X),B € K, }.

Lemma 2.20: In (X,7,,7,), if B € X, then X — (D} —
int(B)) = DY — cl(B) and X — (DE — cl(B)) = DF —
int(B).

Theorem 2.21: In (X, t4,72), if U is a subset of X,
then:

(i) DE — int(¢) = ¢ and DY, — int(X) = X.

(i) U is p — D, open iff D — int(U) = U and D} —
int(U) = U.

(iii) p — @ — int(U) € DY — int(U) c U.

(iv) int*(U) c DY — int(U)

(v) DP — int (D,’; - int(U)):Dg — int(U).
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Theorem 2.22: In (X, 14, 7), if A, B are two subsets
of X, then:

() If A c B, then DY — int(A) c DY — int(B)

(i) (DE — int(A))U( DE — int(B))c DE — int(A U B)
(iii) DP — int (AnB) c( DY — int(A))n( D —
int(B)).

Theorem 2.23: In (X, 74, 72), if U C X, then:

(i) DL — int(U) = U nint* (cl(int*(U))).
(ii)) DE — cl(U) = AU int* (cl(int*(A))).

Proof:
(i) DY —int(U) is DEP —open and D! —int(U) c

U.So, DY — int(U) < int” (cl(DE — int(V))) <
int*(cl(int*(U)).

DY —int(U) c U U int* (cl(int*(U))). So, UuU
int* (cl(int*(U))) is DEf— open UuU
int* (cl(int*(U))) c D? — int(U). Thus, DP —

int(U) = U N int* (cl(int*(U))).
(i) D —cd()=X-intX-U)= X—-(X-U) =
X=X =0)u -t (cl(int' X =) =V U

cl (int(cl*(U)))

Definition 2.24: In the bitopological spaces
(X,141,72) and (Y, 0y, 0;), the function f: (X,74,72) -
(Y,04,07) is said to be DS —continuous if the inverse
image of each 0, —open setinY is DP —openin X.

Lemma 2.25: Each 7, — a —continuous function is
D? —continuous.

Lemma 2.26: Each 7, — g —continuous function is
DE —continuous.

Theorem 2.27: If f:(X,74,72) = (Y,04,02), and
VYU c X,V c Y, then the following are equivalent:

(1) fist, — D, —continuous.

(2) For eachVa 1, —open subset of Y and Vx € X
such that f(x) €V, 3U a 7; — D, —open subset of X
containing f~1(V) such that f(U) c V.

(3) The inverse image of a g, —closed subset of Y is
T, —closed subset of X.

(4) f(Dg — int(V)) < cl(f(U))

(5) D — cl(f*(V)) < f7H(cl(V)).

(6) f1(int (V) < D — int(f (V).

Proof: (1)-(2) f~ (V) eDPo(x)vv Y. If be
fH(V), then f(f 2 (V)) cV Vb E X.

(3)—(4) Assume that K is a p —closed subset of Y
and K c f(U). Now, U c f"%(K) is p — D, — closed
subset of X. So, DE—cl(U)cDt —cl
(F*(K))=f"*(K). Hence, f(DF — cl(U)) c K. Thus,
f(DE = cl(f(K) < cl(f(UY).
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(4)—(5) Let F be a subset of Y. Then f(D} -
cl(FY(F)) € cl(F(f1(F)) < cl;(F). Hence, D? —
cl((fX(F)) < clf *((F). Therefore, D? —
c((FHF)) € FHF)).

(5)—(6) Assume that F be a subset of Y, then D} —
cl(fF* (Y =F)) c fY(DF —cl (Y — F)). Hence, DY — cl
(X = fY(F) c fY(Y — int(F)). Therefore, X — D! —
int (fY(F)) c X — f(int(F)). Hence, f(int(F)) c
D — int(f(F)).

(6)—(1) Assume that M be a p —open subset of Y. So
f(int(M)) € DY — int(f~1(M)).So, f~'(int(M)) c
DP — int(f"*(M)). Hence, f*(M) is an p-—
D, —open. Thus, f is a p — D, —continuous function.

Theorem 2.28: The composition of DY —continuous

function and 7, —continuous function is
DP —continuous.
Definition 2.29: The function f:(X,74,12)—

(Y,04,0,) has DY —closed graph if V(a,b) € (X X
Y)-G(f), 3IW,e€tr,—-DFO(X,a) and W,€
GO(Y,b): (Wy X cl*(W,)) N G(f) is empty.

Lemma 2.30: Each closed graph is DY —closed.

Theorem 2.31: The function f:(X,714,172)—
(Y,04,02) is T, — Dy —closed graph if and only if
V(a,b) € (X xY) - G(f), U, € 1, - DFO(X,a) and
U, € GO(Y,b): (Uy x cl*(Uy)) N G(f) is empty.

Proof: Assume that f:(X,74,72) = (Y,041,02) is a
DP —closed graph. So, V(a,b) € (X X Y) — G(f), U, €
7, —DFO(X,a) and U, € GO(Y,b) such that (U x
cl*(U;)) nG(f) is empty. Hence, f,(x) € f,(U;) and
b € cl*(U,). Now, b # f;(a), hence f;(U,) n cl*(U,) is
empty. Conversely, assume that (a,b) € (X XY) —
G(f), AU, €1, —DFO(X,a) and U, € GO(Y,b): (U X
cl*(Uy)) N G(f) is empty. Thus, f,(a) # b and f,(U;) N
cl*(U,) is empty.

Theorem 2.32: The function f:(X,714,172)—
(Y,04,02) is T, — Dy —closed graph if V(a,b) € (X X
Y)-G(f), 3V, €1, —DFO(X,a)and U, €T, —
Do (Y, b): (U, xcl*(U,) N G(f) is empty.

Proof: Assume that f is a DY —closed graph, then
V(a,b) € (X xY)—G(f), 3V, €1, —DJO(X,a) and
U, € GO(Y,b). But 7, — g —subset of X is 7, —
D, —open, then D! —cl(U,)c cl(U,). Thus, (U; x
DP — cl(U,)) N G(f) is empty.

Corollary 2.33: The function f(X,t4,72) = (Y, 01,02)
is DP —closed graph V(a,b) € (X xY) — G(f),aW; €
DP0(X,a) and W,eD, (Y,b)nW, xDE —cl(W,))n
G(f) is empty if V(a,b) € (X xY) = G(f), AU €1, —
DYO(X,a) and V € T, — D, — (Y, b): f,(U) N DE — cl(V)
is empty.

Definition 2.34: The function f:(X,74,72)—
(Y,04,0,) has a strongly D! —closed graph if
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V(a,b) € (X XY)—G(f), IW, € DY0(X,a) and W, €
O(Y,b): (W, x cl(W,)) N G(f) is empty.

Lemma 2.35: (i) The strongly D? —closed graph is
DP —closed in (X, 74, T2).

(i) Each strongly 7, — a —closed graph is strongly
DP —closed graph in (X, 74, 75).

Theorem 2.36: For the function f:(X,14,1;)—
(Y, 04,03), the following are equivalent:

(i) f has a strongly D} —closed graph.

(ii) Y(a,b) € (X XY) —G(f), IW, € DYO(X,a) and
W, € O(Y,b): f(W;) n cl(W,) is empty.

(iii) V(a,b) € (X XY) —G(f),aW, € DLO(X,a) and
W, € O(Y,b): (W, X cl(W)) N G(f) is empty.

Corollary 2.37: If the function f:(X,14,12)—
(Y,04,0,) has a strongly DY —closed graph, then
Va € X, f(x) =n {cl(V):V € DYO(X, xa}.

Proof: Assume that f:(X,74,72) = (Y,04,02) is a
strongly DY —closed graph, then 3b # f(a):b €N
{cl(v):V € DEO(X,x)}.Hence, b € cl(f(V)) for some
V € DPO(X,x). So, YW € a — O(Y,b), Wn f(V) is
empty. Therefore, f(V)is non-empty and f(V) c
W c clE (W) which is a contradiction since f has a
strongly DP —closed graph. Consequently, a € X,
f(a) =n {cl(V):V € DY0O(X, a)}.

Corollary 2.38: If f:(X,74,72) = (Y,041,0,) is a
Dg —continuous function, and Y is p —Housdorff,
hence G (f) is strongly D} —closed.

Proof: Assume that (a,b) € (X XY) — G(f). Now,
because Y is p —Housdorff, 3U € O(Y,b): f(a) ¢
cl(U). Since cl(U) is T, —closed, we have Y — cl(U) €
0(Y,b). Therefore, 3IW € DYO(X,xa: f(W) Y —
cl(U). Thus, f(W)Nncl(U) is empty. Consequently,
G(f) has a strongly DY —closed graph.

3. Conclusion

Every closed graph is DY —closed and the Tp —
a —closed subset is DP —closed. The strongly
DP —closed graph is DY —closed. The composition of
DY —continuous  function and 7, —continuous
function is D,f —continuous. Moreover, each Tp —
g —continuous function is DY —continuous.
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