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This paper examines the properties of α-continuous functions modulo (J, I) 
that map a countably α-compact ideal space (X, τ, J) to an ideal space (Y, σ, I), 
where Y is an α-closed subset of the Cartesian product (X × Y, τ × σ, J × I). It is 
shown that if (X, τ, J) has a weight of at least ℵ₀, it is the α-continuous image 
of a closed subspace of the cube 𝐷{ℵ₀}. Additionally, an α-continuous function 
f: (X, τ, J) → (Y, σ, I), where Y is countably α-compact, can be extended under 
specific conditions. The concept of α-pseudocompactness is introduced in an 
ideal topological space (X, τ, J), and it is established that countably α-
pseudocompactness is neither finitely multiplicative nor hereditary with 
respect to α-closed sets. Furthermore, it is proven that an α-continuous 
function modulo ideals mapping a Tychonoff ideal space to a countably α-
pseudocompact space is perfect, and the Tychonoff space itself is countably 
α-pseudocompact. 
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1. Introduction 

*Many important properties—such as 
resolvability, compactness, connectedness, 
separation axioms, and the decomposition of 
continuity—began to be generalized in the context of 
ideal topological spaces, starting with the work of 
Janković and Hamlett (1990) and later expanded 
upon by Almuhur and Bin-Asfour (2022). 
Kuratowski (1966) was the first to propose ideal 
topological spaces, and Vaidyanathaswamy (1944) 
developed this concept. Given a topology τ on X, an 
ideal I is a non-empty collection of subsets of a non-
empty set X that satisfies the hereditary property 
and the finite additivity property. Many 
mathematicians worldwide are actively studying 
generalized open sets because of their significance in 
topology. Many mathematicians worldwide are 
actively studying generalized open sets because of 
their significance in topology. 

Studying variously modified versions of 
separation axioms, continuity, and other concepts 
using extended open sets is a major issue in topology 
and analysis. Typically, the most well-known and 
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influential concepts are those of generalized closed 
(g-closed) subsets of a topological space (Levine, 
1970) and α-open sets (Njȧstad, 1965). 

Subsequently, a sizable mathematical community 
has focused on generalizing many topological 
concepts through the usage of 𝛼 −open sets and 
generalized closed sets. Dunham (1982) defined a 
new topological space (𝑋, 𝜏∗) by using g-closed 
subsets of X to define a new closure operator. His 
method involved transferring regularity conditions 
from a topological space (𝑋, 𝜏) to separation 
conditions in the new topological space (𝑋, 𝜏∗). 

Since Császár (2007) presented the idea of 
generalized topological spaces in the 20th century, 
many mathematicians from all over the world have 
studied it. As a result, mathematicians attempted to 
incorporate topological concepts into this discipline 
by altering their approach. 

Consequently, mathematicians changed their 
strategy and tried to apply topological ideas to this 
field. A group of subsets of 𝑋 closed under an 
arbitrary union is called a GT 𝜇 (Levine, 1963). 

Throughout this paper, 𝑋 and 𝑌 denote the ideal 
spaces (𝑋, 𝜏, 𝐽) and (𝑌, 𝜎, 𝐼). Typically, a subset 𝐴 of 
(𝑋, 𝜇) is 𝜇 −open 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  ∀𝑥 ∈ 𝐴, ∃𝑁 a 
𝜇 −open neighborhood of 𝑥 such that 𝑁 ⊆ 𝐴. 
𝜇 −open sets are elements of 𝜇, and if 𝐹 ⊆ 𝜇 is 
𝜇 −closed if 𝑋 − 𝐹 is 𝜇 −open. 
 
Definition 1.1: In the ideal space 𝑋, if 𝑈 is an open 
subset of 𝑋, then: 
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i. If 𝑈 ⊆ 𝐼𝑛𝑡 (𝐶𝑙 (𝐼𝑛𝑡 (𝑈))), then 𝑈 is 𝛼 −open. 

ii. 𝑈 is an 𝛼 −closed if 𝐶𝑙(𝐼𝑛𝑡(𝐶𝑙(𝑈))) ⊂ 𝑈. 
iii. 𝐺 is 𝑔 −closed (Levine, 1970) if 𝐶𝑙(𝐺) ⊂ 𝑂(𝐺) ⊂ 𝜏.  

 
Njȧstad (1965), building on earlier concepts 

introduced by Vaidyanathaswamy (1944), showed 
that every open set is 𝛼 −open. Similarly, Dunham 
(1997) demonstrated that the property of 
𝑔 −closedness is closed under arbitrary union, 
extending the earlier work of Levine (1970). 
 
Definition 1.2:  
 

(i) The ideal space 𝑋 is 𝑇1

2

  if and only if for each 𝑥 ∈

𝑋, {𝑎} is either closed or open if  and only if: 
 

{a} = ⋂{𝐴: 𝑎 ∈ 𝐴 , 𝐴 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑖𝑛 𝑋} 

or {𝑎} = ⋂{𝐵: 𝑎 ∈ 𝐵 , 𝐵 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝑋} 
 

(ii) 𝐷′ denotes the set of all derived sets containing 
𝐷 in 𝑋 

(iii) If 𝐸 is a subset of the ideal space (𝑋, 𝜏, 𝐽), then 𝐸 
is 𝑔 −open if 𝑋 − 𝐸 is 𝑔 −closed.  

(iv) The 𝛼 −closure of the 𝐵 ⊆ 𝑋 (denoted by 
𝐶𝑙𝛼(𝐵))(Dunham, 1982) is the intersection of 
every 𝛼 −closed set containing it.  

(v) The 𝛼 −interior of 𝐸 ⊆ 𝑋 (denoted by 𝐼𝑛𝑡𝛼(𝐵)) 
(Dunham, 1982), is the union of every 𝛼 −open 
set contained in it. 

(vi) The 𝑔 −closure of  𝑁 ⊆ 𝑋 (denoted by 
𝐶𝑙∗(𝑁)) (Császár, 2007) is the intersection of the 
𝑔 −closed sets containing it. 

(vii) 𝛼𝑂(𝑋) denotes the family of 𝛼 −open subsets of 
the ideal space 𝑋.  

(viii) 𝛼𝐶(𝑋) denotes the family of 𝛼 −closed subsets 
of 𝑋 (Altawallbeh, 2020). 

(ix) 𝐺𝑂(𝑋) denotes the family of all generalized open 
subsets of 𝑋 (Levine, 1963). 

(x) 𝐺𝐶(𝑋) denotes the family of all generalized 
closed subsets of 𝑋.  

(xi) 𝑂(𝑋, 𝑥) is the set of all open subsets of 𝑋.  
(xii) The function 𝑓: 𝑋 → 𝑌 is 𝛼 −continuous 

𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 whenever 𝑉 ⊆ 𝑌 is 𝛼 −open, 
𝑓−1(𝑉) is an 𝛼 −open subset of 𝑌. 

2. Results and discussion 

2.1. Countably 𝜶 −compact ideal space 

Numerous types of continuous functions have 
been developed over time, and continuity is a key 
idea in ideal topological spaces. In optimization 
issues, continuity is used to determine the function's 
maximum and minimum values in order to achieve a 
smooth change of state. Numerous applications of 
signal processing necessitate ongoing operations, 
such as the analysis and manipulation of signals in 
image and audio processing. Ideal topological spaces 
have a significant role in mathematics and quantum 
physics (Almuhur and Al-Labadi, 2022). 
 

Definition 2.1.1: The ideal space 𝑋 is a countably 
𝛼 −compact space if each countable set 𝐸 of the open 
𝛼 −compact subsets 𝑁 covering 𝑋 has a finite 
subcover. 
 
Theorem 2.1.2: Every 𝛼 −compact ideal space is 
countably 𝛼 −compact. 
 
Proof. Let 𝑋 be an 𝛼 −compact ideal space, then 
each open cover of 𝛼 −compact set has a finite 
subcover containing 𝛼 −compact sets. 
 
Remark 2.1.3: Every countably 𝛼 −compact ideal 
space is countably compact, but the countably 
compact need not be countably 𝛼 −compact ideal.  
 
Example 2.1.4: If 𝑋 is an ideal topological space 
such that 𝑋 = {0} ∪ {𝑢𝑛: 𝑛 ∈ ℕ} and 𝜏 = {𝜙, {0}}, 
then 𝑋 is countably compact but not an 
𝛼 −countably compact (Banakh and Bardyla, 2019). 
 
Lemma 2.1.5: 𝑋 is a countably 𝛼 −compact ideal 
space 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  �̃� = {𝐹𝑛: 𝐹𝑛 is 𝛼 − 𝑐𝑙𝑜𝑠𝑒𝑑, 𝑛 ∈
ℕ} is a countable family having the finite intersection 
property such that ⋂ �̃� ≠ ∅  if and only if  ⋂ 𝐹𝑛𝑛∈ℕ ≠𝜙 
for each decreasing sequence (𝐹𝑛)𝑛=1

∞ .   
 
Proof. For the necessary part: Suppose that 𝑋 is a 
countably 𝛼 −compact ideal space, then for each 
family of 𝛼 −open sets 𝑈𝛼 such that 𝑋 = ⋃ 𝑈𝛼𝛼∈Λ  , 
∃𝑓𝑖𝑛𝑖𝑡𝑒 𝑈𝛼0

⊆ 𝑈𝛼: 𝑋 = ⋃ 𝑈𝛼0𝛼∈Λ . 

For the sufficient part: If �̃� = {𝐹𝑛: 𝐹𝑛 is 𝛼 −
𝑐𝑙𝑜𝑠𝑒𝑑, 𝑛 ∈ ℕ} is a countable family having the finite 
intersection property such that ⋂ �̃� = ∅  if and only 
if  ⋂ 𝐹𝑛𝑛∈ℕ ≠𝜙 for each decreasing sequence (𝐹𝑛)𝑛=1

∞ , 
then we have a contradiction. 

 
Theorem 2.1.6: The countable union of countably 
𝛼 −compact subspaces of an ideal space is countably 
𝛼 −compact. 
 
Proof. Suppose that 𝒜 ={𝐴𝛼: 𝛼 ∈ Γ} is a family of 
𝛼 −closed subspaces of the ideal space 𝑋. Also, let 
{𝑈𝛼: 𝛼 ∈ Γ} be a countable 𝛼 −open cover of the 
subspace 𝑌 such that 𝑈𝛼 ⊆ 𝑌 is an 𝛼 −open set ∀𝛼 ∈
Γ and 𝑌 = ⋃ 𝑈𝛼𝛼∈𝛤 . 

Since 𝑌 is closed, ∃ Γ° = {𝛼1, 𝛼2, … , 𝛼𝑛} ⊆ 𝛤 such 
that ⋃ {𝑈𝛼𝑛

: 𝑛 ∈ ℕ𝛼∈Γ°
} is a countable subcover of the 

countably α −compact subspace 𝑌. Hence, (𝑋 −
𝐴𝛼)∩𝑈𝛽  covers 𝑋, ∀𝛼 ∈ 𝛤, and 𝑋 = ⋃ (𝑋 − 𝐴𝛼𝑛

)𝑛∈ℕ ∪ 

𝑈𝛼𝑛
 is a countable subcover of 𝑋. Thus, 𝑋 is a 

countably α-compact ideal space. 
 
Corollary 2.1.7: If 𝑌 is a closed subspace of 𝑋, then 
whenever 𝐹 is an 𝛼 −closed subset of 𝑋, 𝐹 is an 
𝛼 −closed subset of 𝑌. 
 
Proof. Since 𝑋 is an ideal space, 𝑌 ⊆ 𝑋 is closed, and 
𝐹 ⊆ 𝑌, then 𝐹 is an 𝛼 −closed subset. 
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Theorem 2.1.8: Every locally finite family of non-
empty 𝛼 −open subsets of 𝑋 is finite if 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑋 
is countably 𝛼 −compact. 
 
Proof. For the sufficient part, if 𝑋 is a countably 
𝛼 −compact ideal space and some of its locally finite 
families of non-empty subsets are infinite, then 
∃{𝐹𝑛: 𝐹𝑛 𝑖𝑠 𝛼 − closed, 𝑛 ∈ ℕ} such that 𝐴𝑛=⋃ 𝐹𝑛𝑛∈ℕ  is 
decreasing, thus using Lemma 2.5, ⋂ 𝐹𝑛𝑛∈ℕ  is non-
empty. Consequently, 𝑋 is not a countably 
𝛼 −compact space, and this contradicts the 
assumption. 
 
Corollary 2.1.9: If �̃� = {(𝑋𝛼 , 𝜏𝛼 , 𝐽𝛼): 𝛼 ∈ Λ} and Λ is 
finite, then the sum ⨁𝛼∈Λ(𝑋𝛼 , 𝜏𝛼 , 𝐽𝛼) is countably 
𝛼 −compact 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑋𝛼 is countably 
𝛼 −compact 𝛼 ∈ Λ 
 
Proof. For the necessary part, if ⨁𝛼∈Λ(𝑋𝛼 , 𝜏𝛼 , 𝐽𝛼) is 
countably 𝛼 −compact, for each 𝑋𝛼 ≠ 𝜙, then 𝑋𝛼 is 
𝛼 −compact 𝛼 ∈ Λ and Λ is finite. The sufficient part 
is obvious.  

2.2. 𝜶 −continuous modulo (𝑱, 𝑰)  

Definition 2.2.1: 
 
(i) If 𝑋 and 𝑌 are two spaces and the function 𝑓: 𝑋 →

𝑌 is 𝛼 −continuous modulo (𝐽, 𝐼), then 𝑓−1(𝑊) is 
an 𝛼 −open subset of 𝑋 for all 𝛼 −open subset 
𝑊of 𝑌.  

(ii) A function 𝑓: 𝑋 → 𝑌 is 𝛼 −open modulo (𝐽, 𝐼) if for 
every 𝛼 −open (resp. 𝛼 −closed) subset 𝑊 of 𝑋, 
𝑓(𝑊) is an 𝛼 −open (resp. 𝛼 −closed) subset of 
𝑌. 

 
Lemma 2.2.2: Given two spaces, 𝑋 and 𝑌, and 𝑓 is a 
function 𝑓: 𝑋 → 𝑌, then: 

 
(i) If 𝑓 is 𝛼 −continuous modulo (𝐽, 𝐼), then 𝑓 is 

𝛼 −continuous. 
(ii) If 𝑓 is a 𝑔 −continuous function modulo 

(𝐽, 𝐼), then 𝑓 is 𝛼 −continuous. 
(iii) The function 𝑓 is 𝛼 −open 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 for 

every neighborhood 𝑈 of the point 𝑎 ∈ 𝑋, ∃𝑉 an 
𝛼 −open subset of 𝑌 containing 𝑓(𝑎) such that 
𝑉 ⊂ 𝑓(𝑈) (Altawallbeh, 2020) 

(iv) 𝑓 is 𝛼 −compact if and only if for each 𝑎 ∈ 𝑋 and 
𝑊 𝛼 −open (resp. 𝛼 −closed) subset of 𝑌 
containing 𝑓(𝑎), ∃𝑊′ an 𝛼 −open (resp. 
𝛼 −closed) subset of 𝑋: 𝑓(𝑊′) ⊂ 𝑌. 

 
Theorem 2.2.3: For the given spaces, (𝑋, 𝜏, 𝐽), 
(𝑌, 𝜎, 𝐼) and (𝑍, 𝜂, 𝐾), and the functions 𝑓: (𝑋, 𝜏, 𝐽) →
(𝑌, 𝜎, 𝐼) and 𝑔: (𝑌, 𝜎, 𝐼) → (𝑍, 𝜂, 𝐾) where 𝑓 is an 
𝛼 −continuous modulo (𝐽, 𝐼), then 𝑔 ∘ 𝑓 is 
continuous modulo (𝐼, 𝐾) but not 𝛼 −continuous. 
 
Theorem 2.2.4: If 𝑋 and 𝑌 are 𝛼 −compact spaces 
and the function ℎ: 𝑋 → 𝑌 is 𝛼 −continuous, then the 
following are equivalent: 
 
(i) ℎ is bounded.  

(ii) Countably 𝛼 −compactness is an invariant 
property. 

(iii) Every countably 𝛼 −compact subspace (𝑍, 𝜂, 𝐼) 
of (ℝ, 𝜏, 𝐽) is 𝛼 −compact. 

(iv) The class of countably 𝛼 −compact spaces is 
perfect. 

 
Corollary 2.2.5: The graph of the 𝛼 −continuous 
function 𝑔: (𝑋, 𝜏, 𝐽) → (𝑌, 𝜎, 𝐼) modulo (𝐽, 𝐼) is 
𝛼 −closed subset of (𝑋 × 𝑌, 𝜏 × 𝜎, 𝐽 × 𝐼). 
 
Proof. Since 𝑔 is an 𝛼 −continuous function modulo 
(𝐽, 𝐼), then 𝑔 is an 𝛼 −closed subset of (𝑋 × 𝑌, 𝜏 ×
𝜎, 𝐽 × 𝐼). 
 

Theorem 2.2.6: If 𝑋 and 𝑌 are 𝛼 −compact spaces, 
then (𝑋 × 𝑌, 𝜏 × 𝜎, 𝐼 × 𝐽) is a countably 𝛼 −compact 
space but not 𝛼 −compact.  
 

Proof. By 2.2.5  
 

Definition 2.2.7: 
 

(i) The space 𝑋 is called 𝛼 −regular if ∀𝑎 ∈ 𝑋 and the 
𝛼 −closed subset 𝐹 of 𝑋 such that 𝑎 ∉ 𝐹, there 
exist two disjoint 𝛼 −open subsets 𝑈1 and 𝑈2 of 𝑋 
such that 𝑎 ∈ 𝑈1 and 𝐹 is dense in 𝑈2 . 

(ii) The space 𝑋 is called completely 𝛼 −regular if the 
points of 𝑋 can be separated by 𝛼 −continuous 
functions modulo 𝐽 from 𝛼 −closed subsets.   

 

Theorem 2.2.8: Every 𝛼 −closed subspace of the 
𝛼 −countably compact space 𝑋 is 𝛼 −compact. 
 

Proof. If 𝑋 is an 𝛼 −compact space, then each cover 
of the subspace 𝑌 of 𝑋 consisting of 𝛼 −open sets has 
a finite subcover of 𝛼 −open sets. Hence, 𝑌 is 
𝛼 −compact. 
 

Corollary 2.2.9: If 𝑋 is an 𝛼 −countably compact 
space, and 𝑌 is a Tychonoff space, where ℎ: 𝑋 → 𝑌 is 
an 𝛼 −continuous function modulo (𝐽, 𝐼) and {𝐴𝑛}𝑛∈ℕ 
is a decreasing sequence of 𝛼 −closed subsets of 𝑋, 
then ℎ(⋂ 𝐴𝑛) = ⋂ ℎ(𝐴𝑛)𝑛∈ℕ𝑛∈ℕ . 
 

Proof. Since ℎ is an 𝛼 −continuous function modulo 
(𝐽, 𝐼), then the result holds. 
 

Theorem 2.2.10: If (𝑋, 𝜏, 𝐽) is a countably 
𝛼 −compact space, then: 
 

(i) ∣𝑋∣<𝑒𝑋𝑋
 

(ii) ∣𝑋∣<𝑐, provided that 𝑋 is first countable. 
(iii) If |𝑋| < ℵ0, then 𝑋 is the 𝛼 −continuous image 

of the 𝛼 −closed subspace of 𝐷ℵ0 . 
 

Corollary 2.2.11: The Cartesian product 
(∏ 𝑋𝛼 ,𝛼∈Λ ∏ 𝜏𝛼𝛼∈Λ , ∏ 𝐽𝛼)𝛼∈Λ  is countably 𝛼 −compact 
𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑋𝛼∈Λ is countably α −compact, ∀𝛼 ∈
Λ. 
 

Proof. Let ∏ 𝑋𝛼 𝛼∈Λ  be a countably 𝛼 −compact 
space. Then the projection function 𝑝𝛼: 𝑋 → 𝑋𝛼 
modulo ∏ 𝐽𝛼𝛼∈Λ  is an 𝛼 −continuous onto function.  
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Conversely, if {𝑋𝛼: 𝛼 ∈ Λ} is a family of countably 
𝛼 −compact spaces, then ∏ 𝑋𝛼 𝛼∈Λ  is Hausdorff.  

Let 𝒜={𝐹𝛼: 𝛼 ∈ Λ} be a family of 𝛼 −closed 
subsets of 𝑋𝛼 , where 𝑋𝛼 has the finite intersection 
property, then 𝒜 is contained in the maximal family 
ℱ which has the finite intersection property. 

We claim that ⋂ 𝒜𝑛𝑛∈ℕ  ≠ 𝜙 , but ℱ is maximal, 
so ⋂ 𝒜𝑛𝑛∈ℕ  ≠ 𝜙. Let 𝑊 be an 𝛼 −open subset of 𝑋, 
then 𝑊 ∩ 𝒜𝑛  ≠ 𝜙, ∀𝑛 ∈ ℕ.  
 
Corollary 2.2.12: If 𝑓: ∏ 𝑋𝛼𝛼∈Λ → ℝ, is an 
𝛼 −continuous real-valued function modulo ∏ 𝐽𝛼𝛼∈Λ  
in the Cartesian product space 
(∏ 𝑋𝛼 ,𝛼∈Λ ∏ 𝜏𝛼∈Λ , ∏ 𝐽𝛼)𝛼∈Λ  and {𝑋𝛼:𝛼 ∈ Λ} is a family 
of Hausdorff 𝛼 −compact spaces that has a dense 
subset 𝐷, where 𝐷 = ⋃ 𝐴𝛼𝛼∈Λ  for some 𝛼 −compact 
subset 𝐴𝛼 . Then 𝑋𝛼 depends on countably many 
coordinates. 
 
Proof. Let {𝑋𝛼𝑛

: 𝑛 ∈ ℕ} be a non-increasing sequence 

of 𝛼 −compact subsets of 𝑋𝛼 , then ⋃ 𝑋𝛼𝑛
 𝑛∈ℕ is dense 

in 𝑋𝛼 , by Corollary 2.20 and Lemma in Tyagi and 
Chauhan (2016). 
 
Theorem 2.2.13: If (𝑀, 𝜏, 𝐽) is a subspace of the 
space (𝑋, 𝜏, 𝐽), and ℎ: (𝑀, 𝜏, 𝐽) → (𝑌, 𝜎, 𝐼) is an 
𝛼 −continuous function, where (𝑌, 𝜎, 𝐼) is an 
𝛼 −compact space. Then ℎ has an extension 
𝐻: (𝑋, 𝜏, 𝐽) → (𝑌, 𝜎, 𝐼) 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 for all 𝛼 −closed 
subsets ℎ(𝑀1) and ℎ(𝑀2) of 𝑌, 𝑓−1(𝑀1)∩ 𝑓−1 (𝑀2)=
𝜙 in 𝑋. Then, 𝑋 is countably α-pseudocompact if and 
only if every α-continuous real-valued function 
defined on (𝑋, 𝜏, 𝐽) is bounded. 
 
Proof. ⟹) Suppose that ℎ: (𝑀, 𝜏, 𝐽) → (𝑌, 𝜎, 𝐼) has an 
extension 𝐻: (𝑋, 𝜏, 𝐽) → (𝑌, 𝜎, 𝐼), if 𝐵𝑖 ⊂ 𝐵�̅� ⊂ 𝑌 ∀𝑖 =
1,2, and 𝐵1and 𝐵2are disjoint, then 𝐻−1(𝐵𝑖) ⊂

𝐻−1(𝐵𝑖)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and 𝐻−1(𝐵1) ∩ 𝐻−1(𝐵2) = ∅. Hence, 
ℎ−1(𝐵1) ∩ ℎ−1(𝐵2) ⊂ 𝐻−1(𝐵1) ∩ 𝐻−1(𝐵2) = ∅. 

For the insufficient part, suppose that 𝛽(𝑥) is the 
family of neighbourhoods of 𝑥 ∀𝑥 ∈ 𝑋, and let ℏ(𝑥) =

{ℎ(𝐶 ∩ 𝑈𝑖)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ∶ 𝑈𝑖 ∈ 𝛽(𝑥)} 𝑖∈ℕ where 𝐶 is an 
𝛼 −compact subset of 𝑌. 

Now, ℎ(𝐶 ∩ 𝑈1 ∩ 𝑈2 ∩ … ∩ 𝑈𝑛)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊂ ℎ(𝐶 ∩ 𝑈1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ∩

ℎ(𝐶 ∩ 𝑈2)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ∩ … ∩ ℎ(𝐶 ∩ 𝑈𝑛)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 
Thus, ℏ(𝑥) has the finite intersection property 

and so ∩ ℏ(𝑥) ≠ 𝜙. So, ℎ is bounded (Al-Omari, 
2019). 
 
Definition 2.2.14: If 𝑋 is a Tychonoff space, then 𝑋 
is countably 𝛼 −pseudocompact, if any 
𝛼 −continuous real-valued function defined on 𝑋 is 
bounded. 
 
Theorem 2.2.15: If 𝑋 is a Tychonoff space, then the 
following are equivalent: 
 
(i) 𝑋 is countably 𝛼 −pseudocompact. 
(ii) Every locally finite family of 𝛼 −open subsets of 𝑋 

is finite. 
(iii) Every locally finite open cover of 𝑋 consisting of 

𝛼 −open subsets of 𝑋 is finite. 

Proof. (i) → (ii) Let 𝑋 be a countably 
𝛼 −pseudocompact space.  

Let 𝒱 = {𝑉𝑛: 𝑛 ∈ ℕ} be a locally finite family of 
𝛼 −open subsets of 𝑋.  

Since 𝑋 is a Tychonoff space, then there exists a 
real-valued 𝛼 −continuous function 𝑔𝑛: (𝑋, 𝜏, 𝐽) →
(ℝ, 𝜎, 𝐼) modulo (𝐽, 𝐼) such that 𝑔𝑛(𝑥𝑛) = 𝑛, for some 
𝑥𝑛 ∈ 𝑉𝑛 and 𝑔𝑛(𝑋 − 𝑉𝑛)⊂{0}. 

Now, {𝑉𝑛:𝑛 ∈ ℕ} is a locally finite family, then 
𝑔(𝑥) = ∑ 𝑔𝑛(𝑥)𝑛∈ℕ  is a real-valued 𝛼 −continuous 
function that is not bounded. Thus, 𝑋 is not an 
𝛼 −pseudocompact space. 
 
Corollary 2.2.16: If 𝑋 is a Tychonoff space, then the 
following are equivalent: 
 
(i) 𝑋 is a countably 𝛼 −pseudocompact space. 
(ii) If 𝒱 = {𝑉𝑛: 𝑛 ∈ ℕ}is a family of 𝛼 −open subsets 
of 𝑋 with the finite intersection property, then 
⋂ 𝑉𝑛 ≠ 𝜙𝑛∈ℕ . 
 
Proof. For (i) → (ii). Assume that 𝑋 is a countably 
𝛼 −pseudocompact set and that {𝑉𝑛: 𝑛 ∈ ℕ} is a 
decreasing sequence of 𝛼 −open subsets of 𝑋, then 
𝒱 = {𝑉𝑛: 𝑛 ∈ ℕ} is not a locally finite family. 

Hence, for some 𝑎 ∈ 𝑋, the neighborhood of 𝑎 
meets infinitely many sets 𝑉𝑛 , ∀𝑛 ∈ ℕ. Therefore, 
⋂ 𝑉𝑛𝑛∈ℕ  ≠ 𝜙.  

For (ii) → (i) it is obvious. 
 
Lemma 2.2.17: If ℎ: 𝑋 → 𝑌 is a surjective 
𝛼 −continuous function modulo (𝐽, 𝐼), 𝑋 is countably 
𝛼 −pseudocompact and 𝑌 is a Tychonoff space, then 
𝑌 is a countably 𝛼 −pseudocompact space. 
 
Theorem 2.2.18: The Cartesian product of a 
countably 𝛼 −pseudocompact space and an 
𝛼 −compact space is countably 𝛼 −pseudocompact. 
 
Theorem 2.2.19: The countably 
𝛼 −pseudocompactness property is not hereditary 
with respect to 𝛼 −closed subsets. 
 
Corollary 2.2.20: The countably 
𝛼 −pseudocompactness property is not finitely 
multiplicative. 
 
Corollary 2.2.21: If 𝑋 is a Tychonoff space, 𝑌 is a 
countably 𝛼 −pseudocompact space, and the perfect 
function 𝑓: 𝑋 → 𝑌  is 𝛼 −continuous modulo (𝐽, 𝐼), 
then 𝑋 is countably 𝛼 −psuedocompact. 

3. Conclusions 

Ideal topological spaces that are countably 
𝛼 −compact were first proposed by Almuhur and 
Bin-Asfour (2022). The 𝛼 −continuous function 
modulo (𝐽, 𝐼) that maps the ideal space (𝑋, 𝜏, 𝐽) that 
is countably 𝛼 −compact to the ideal space (𝑌, 𝜎, 𝐼) is 
an 𝛼 −closed subset of the Cartesian product (𝑋 ×
𝑌, 𝜏 × 𝜎, 𝐽 × 𝐼).  

The 𝛼 −continuous image of the closed subspace 
of the cube 𝐷ℵ₀ is the countably 𝛼 −compact ideal 
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space (𝑋, 𝜏, 𝐽) that weighs more than or equal to ℵ₀. 
Furthermore, subject to certain restrictions, the 
𝛼 −continuous function 𝑓: (𝑋, 𝜏, 𝐽) → (𝑌, 𝜎, 𝐼) modulo 
(𝐽, 𝐼) where 𝑌 is countably 𝛼 −compact can be 
extended over its domain.  

It is demonstrated that the countably 
𝛼 −pseudocompactness is neither finitely 
multiplicative nor hereditary with respect to 
𝛼 −closed sets. The 𝛼 −pseudocompactness is 
defined in the ideal topological space (𝑋, 𝜏, 𝐽). 
Additionally, it is discovered that the Tychonoff 
space is countably 𝛼 −pseudocompact and that the 
𝛼 −continuous function modulo ideals mapping it to 
a Tychonoff ideal space is perfect. 
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